Extremal Kahler metrics on projectivised vector bundles 

Till Bronnle 



Abstract 

We prove the existence of extremal, non-csc, Kahler metrics on certain unstable pro- 
jectivised vector bundles P(E) — > M over a cscK-manifold M with discrete holomorphic 
| automorphism group, in certain adiabatic Kahler classes. In particular, the vector bun- 

dles E — > M under consideration are assumed to split as a direct sum of stable subbundles 
E = E\ © • • • ®E S all having different Mumford-Takemoto-slope, e.g. n{E\) > ■■■> fl(E s ). 
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1 Introduction 

In this first section we shall give an overview of the problem we are considering, including an 
overview of related previous work, and introduce some notation. 

1.1 Previous work 

Constant scalar curvature Kahler metrics (cscK in the sequel) on projectivised vector bundles in 
so-called adiabatic Kahler classes were first constructed by Y.-J. Hong. In his first paper Moll . 
Hong considered the case of a cscK base-manifold {M^Jm^m^m) with discrete holomorphic 
automorphism group; and a Mumford-Takemoto-slope-stable (with respect to [com]) Hermitian 
holomorphic vector bundle E — >■ M endowed with a Hermitian-Einstein-connection — i.e. the 
Chern connection corresponding to a Hermitian-Einstein-metric — over it. We denote by L* — > 
F(E) the fibrewise hyperplane bundle ^p(£)(l) over F(E). The Hermitian-Einstein-connection 
V on E induces a Hermitian connection V L on the line bundle L*; and we denote its curvature 
form by F v . Hong then used an adiabatic limit technique to construct a cscK-metric on n : 
F(E) ->• M in the Kahler class 

[(Ok] =c 1 (0 nE) (l)) + k7t*[co M ], 
for sufficiently large k. One of the crucial points of Hong's technique is, that the Kahler metric 

(O k = i^^J +kK*(0 M 

gives an asymptotic approximation to a cscK-metric on F(E). It is because of this property, that 
Hong can proceed by finding a formal power series solution to the cscK-equation on F(E), which 
is 0{k~ s ) -close (in a suitable norm) to a genuine solution, for an integer s > arbitrarily large. 
Obtaining suitable estimates for the scalar curvature map acting on Kahler potentials on F(E) 
and applying standard elliptic-PDE-theory, Hong is able to deduce the existence of a genuine 
cscK-metric on F(E) for k ^> by using an implicit function theorem argument. 

Hong's analysis relies essentially on the bundle E being slope-stable and therefore also sim- 
ple (i.e. it only has endomorphisms of the form X - Me, with X € C* and IcLe the identity 
endomorphism). The simplicity of the vector bundle E is reflected in the linearisation of the 
scalar curvature map on Kahler potentials on F(E) having trivial co-kernel. 

In a second paper on this topic IHo21. Hong considered the situation of a polystable, non- 
simple Hermitian holomorphic vectorbundle E = E\ ® ■ ■ ■ ® E s being projectivised over a cscK 
base manifold M with a non-trivial Lie algebra fyam(M,JM, (Qm) °f Hamiltonian Killing vector 
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fields. The main difference of this situation to the above one is, that the lifting of the action of 
ham(M,7Mi g>m) Wli l induce non-trivial Hamiltonian Killing vector fields on F(E). Moreover, 
since E is not simple anymore, the Lie-algebra of the projectivisation of the automorphism 
group of E will induce a non-trivial action as well. Hong assumes in HHo2ll . that the Futaki 
invariant with respect to the Kahler class [cofe] and 

q e + (the lift of) hom(M,/ M , G>m) 

on F(E) is zero. This assumption enables him to solve the cscK-equation on F(E), without 
having to deal with any obstruction coming from a non-trivial co-kernel of its linearisation. 

Another situation similar to the above ones was considered by J. Fine [F]. He treated the 
problem of finding a cscK-metric in adiabatic Kahler classes on the total space of a Kodaira 
fibration X — > E. Here the base is a complex curve of high genus, and the fibres have genus 
at least two. The fibres and the base admit no non-trivial holomorphic vector fields. From this 
one can conclude, using the projection formula in cohomology, that the total space X admits no 
non-trivial holomorphic vector fields either. Therefore, the cscK equation on X — >■ £ is solvable 
without any further obstructions (the co-kernel of its linearisation consists of constant functions). 
The main difference in Fine's work is, that the fibres of the Kodaira fibration have non-trivial 
moduli, which leads to other difficulties in his case. 

Remark 1. The theorem, that a Hermitian holomorphic vector bundle over a compact Kahler 
manifold admits a Hermitian-Einstein-metric (and thus a corresponding Hermitian-Einstein- 
connection) if and only if it is polystable was proven by Narasimhan-Seshadri, Donaldson and 
Uhlenbeck-Yau (see BNSIIUYIIDIIO . Usually, this result is referred to as the Hitchin-Kobayashi 
correspondence. 

1.2 Introduction to the main problem 

The situation we are considering differs from the above ones by the fact that we will be searching 
for an extremal, non-cscK-metric on a projectivised Hermitian holomorphic vector bundle 

n:(F{E),(o k )^(M,(o M ) 

in the Kahler class [ofy] = 27Cci(ffwE\(l)) +kn* [(Dm] f° r k » 0, where ^p(£)(l) is again the 
fibrewise hyperplane bundle over F(E). The crucial difference is, that our vector bundle E will 
be slope-unstable. However, we will assume a certain special structure and look at a bundle E 
which splits as a direct sum of slope-stable subbundles (again, slope-stable with respect to [(Dm]) 

E=E 1 ®"-®E t , 

all having different slopes. 

Remark 2. For convenience, we shall assume from now on that the slopes /i (£",•) satisfy 

H(E{) >--->n(E s ). 
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Since the bundles £",- — > (M, (Om) are all stable, we can endow each of them with a HE- 
connection V,-, i.e. the Chern-connection corresponding to a Hermitian-Einstein-metric, satisfy- 
ing 

iA aM F Vi = XiIdE v h = const. G R. 

The direct sum of these connections will give us a (Chern) connection V = Vi ffi ■ • • V s on E. 
As above, this induces a (Chern) connection V L on L* = ^W £ )(l), the curvature form of which 

we denote again by F yL . Similar to Hong, we will start with the Kahler metric 

(Ok = iF yL +kK*(0 M 

and see that it gives us an asymptotic approximation — in a sense to be made precise later — to an 
extremal, non-csc Kahler metric on F(E). Our main result is. 

Theorem 3. Given a cscK manifold (M, (Om) with no non-trivial holomorphic automorphisms 
and a Hermitian holomorphic vector bundle E —■ M splitting as a direct sum of stable sub- 
bundles E = Ei © ••■ (BE S , each of them endowed with a Hermitian-Einstein-connection V, 
and all of them having different Mumford-Takemoto-slope; then for k ^> the projectivised 
vector bundle ¥(E) — > (M, (Om) has ® n extremal, non-csc Kahler-metric in the Kahler class 
[(O k ]=2xc l (ff P{E) (l))+kK* [(Om]. 

Acknowledgements. The work presented here forms part of the author's Ph.D. -thesis. It is 
a great pleasure to thank my supervisor, Simon K. Donaldson, for the countless very useful 
discussions we had during the course of this work. Also, I would like to thank Joel Fine, Dmitri 
Panov and Richard Thomas for useful discussions and comments, and Paul Gauduchon for his 
help, comments and for useful discussions. 

2 Preliminaries and background material 

We shall collect here some background material which we will need in the sequel. 
2.1 Background on extremal Kahler metrics 

The notion of an extremal Kahler metric on a (compact) Kahler manifold (M,J,g,co) was first 
introduced by Calabi in HCli They are defined to be the critical points of the so-called Calabi 
functional 

f — co" 

C(fl>)= / (Scal(co)-S) 2 — , (1) 
Jm n\ 

in some Kahler-class [to], where Scal(co) denotes the scalar curvature of the metric g corre- 
sponding to ft), and S its average. Of course, cscK-metrics are automatically extremal Kahler 
metrics. The converse is not always true, the first examples of extremal, non-cscK-metiics were 
constructed by Calabi on Hirzebruch surfaces in HC1I Section 3]. 

Remark 4. In the sequel, we will often use the Kahler metric g on (M,J,g, ft)) and its associated 
Kahler form &)(•,•) = g(J-,-) interchangeably. 
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Definition 5 (Extremal Kahler metric). A Kahler metric ft) G [ft)] on a compact complex manifold 
(M,J) is called extremal (non-cscK) if it is a non-minimal critical point of the Calabi-functional 
©■ 

Definition 6 (Reduced Automorphism Group). For a Kahler manifold (M,J,g,eo), we define 
the (identity component of the) reduced automorphism group Aut® ed (M,J) to be the subgroup 
of Aut°(M,J), i.e. the identity component of the holomorphic automorphism group of (M,J), 
generated by (real) holomorphic vector fields with non-trivial zero-set on (M,J). 

One can show that Aut® ed (M,J) is the unique linear algebraic subgroup of Aut (M,J) such 
that the quotient Aut°(M,J) /Aut° red {M,J) is the Albanese torus of (M,J). 

Suppose we are given a Kahler manifold (M,J,g,co). We shall now choose a connected 
maximal compact subgroup G max of the reduced automorphism group Aut® ed (M,J). 

Then, for any G„ MV -invariant Kahler metric ft) G [ft)] G " ar — where [ft)] G,Mr denotes the set of 
G mav -invariant Kahler metrics (forms) in [ft)] — the Lie-algebra g max of G max is the space of 
Hamiltonian Killing vector fields (cf. [FM, Introduction and Section 1]). The key point is 
that the Hamiltonian Killing vector fields in g max remain Hamiltonian Killing vector fields as we 
vary ft) in [oo\ Gmax . 

Definition 7 (Extremal vector field). For all V G g max we define the extremal vector field 
^[co™ 1 G Q max , as the vector field satisfying 

3(V,lco]) = (X^,vy, (2) 

where [ft)]) denotes the Futaki-invariant, and (•,•) is the Futaki-Mabuchi inner produclQ 
restricted to g max . This inner product is positive definite on g max (cf. HFM[ Theorems A and C]), 
which is why by duality we can define XrT* as above. The extremal vector field depends 
only on the Kahler-class and the choice of G max , in particular it is independent of the choice of 
a G majr invariant Kahler metric ft) G [ft)] G " Mr (cf. HFMI Corollary D]). 

Remark 8. It was also shown by Futaki-Mabuchi that X^T* lies in the centre of Q max and 
generates a torus action (cf. IIFMl Theorem F]). 

Calabi computed the Euler-Lagrange equation to his functional |TJ on a compact Kahler 
manifold (M,J,g, co) in IC1I . it is given by (again, g is the metric corresponding to ft)) 

■%V s Scal(g)J = 0) (3) 

i.e. V g Scal(g) is the real part of a holomorphic section of T 1,0 M (where Jz? denotes the Lie- 
derivative). Restricting to Kahler metrics invariant under a chosen maximal connected compact 
subgroup of the reduced automorphism group, one can reduce the order of this equation as 
follows: According to [CI ], a Kahler metric ft) G [ft)] G " Ml is extremal, if 

Scal(co)-H(co)-S = 0, (4) 
'For the definition of the Futaki-Mabuchi inner product, see [FM|. 
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where H(co) is a (mean-value zero) Hamiltonian for a Hamiltonian Killing vector field (in the 
Lie-algebra Q max ) with respect to CO G [ft)] G '" fl> . 

In fact, if equation (01) is satisfied for a Kahler metric CO € [ft)] Gmav , then H{co) is the (mean- 
value zero) Hamiltonian of the extremal vector field X^'p defined as in Definition |7] This 
follows from the definition of the Futaki-invariant and the Futaki-Mabuchi inner product, and 
the calculation 

/ H(co)H v ^ = / (Scal(co) - S)H V ^ = $(V, [co] ) = (xgp , V) , (5) 
where Hy denotes the (mean-value zero) Hamiltonian of any Hamiltonian Killing vector field 

» G flma.v- 

2.2 Preparatory material 

Suppose we are given a rank r:=rk(£) complex holomorphic vector bundle (E,h,V) — >■ (M,C0m), 
with Hermitian metric h and Chern connection V, over a (complex) rc-dimensional Kahler man- 
ifold M. The Chern connection V defines a splitting of the tangent bundle of F(E) in its vertical 
and horizontal components: TF(E) = Y © Jif, with "¥ being the vertical-and ^ being the hor- 
izontal tangent bundle. Moreover, the Chern connection V induces a Chern connection V 1 * in 
L* = ^p(£)(l); its curvature F vi will be an imaginary two-form. The restriction of iF^ L to 
a fibre is just the Fubini-Study metric on that fibre — induced by the Hermitian bundle metric 
h. However, the horizontal components of iF yL are determined by the curvature F v of the 
connection Von£. 

We denote by \x* : su(r) — > C°°(CP r_1 ) the co-moment map, which associates to every v € 
su(r) its corresponding mean- value zero Hamiltonian jU*(v) with respect to the Fubini-Study 
metric. Using this co-moment map fibrewise, we get a map }i* : Q. M (su(E)) — > C°°(F(E)). 
Taking the tensor product with the pull-back map on /7-forms 71* : £l p u — > Q^r E \ extends the map 
jit* to a map on su(£')-valued /7-forms /I* : QF M {su(E)) — > Qp( E y and by complex linearity to 
End(£')-valued (complex) p-forms. Using this notation, we get the precise relationship between 
F^ and F^ L . (The following result and its proof can be found in HFP1 .) 

Proposition 9 (cf. Proposition 2.1 in BFP1 ). With respect to the vertical-horizontal decomposi- 
tion of two-forms on F(E): A 2 TF(E)* ^ A 2 r* © {Y* ® J^*)eA 2 J^*, we get 

/F vi * = co FS ®0®ii*(F v ), 

where COps restricts to the Fubini-Study metric on the fibres. Moreover, iF yL is a symplectic 
form if and only if jJL*(F^) n is nowhere zero. 

In the sequel, we consider the natural action of End (is) on P(is), and shall now describe the 
associated infinitesimal action. 

For any section A of the vector bundle End(is) of C-endomorphisms of E, denote by A the 
vertical vector field defined as follows. Recall that for any x G P(is) with projection n(x) = y, we 
can identify the vertical (real) tangent space T^F(E) at x naturally with the space 
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Hom(x,E y /x) = Hom^,! 1 ) of C-linear homomorphisms from the complex line x to the or- 
thogonal subspace x L to x in E y ; where we identified x L = E y /x (with the space on the right 
hand side having a holomorphic structure). 

Remark 10. Since we identified x L = E y /x, we in fact defined a holomorphic structure on 

Hom(x,x ± ) (=Hom(x,E y /x)). 

Definition 11 (Infinitesimal action induced on P(E) by End(£)). We define the vertical vector 
field A (jc) : v i-> Av — Na(x)v, for any v in x C E y , by setting 

N A (x) = ^; (6) 

where w stands for any generator of x in E y and (•,•)# denotes the Hermitian inner product with 
respect to the bundle metric h. 

Remark 12. If A is a constant multiple of the identity, then A is indeed zero, as it should be, and 
Na is constant on each fibre. 

If A is skew-hermitian, the restriction of the vertical vector field A to a fibre ~P(E y ) is a 
Hamiltonian Killing and real holomorphic vector field with respect to the Fubini-Study metric 
on f(E y ), induced by the Hermitian metric h on E. The fibrewise Hamiltonian of this vector 
field with respect to this (Fubini-Study) metric is just — iN A . 

Remark 13. Proposition [9]is also true for the more general situation of the fibre being a general 
co-adjoint orbit G/H (see Proposition 2.1 and Remark 2.3 in [FP]). 

2.3 Future extensions 

It would be interesting to extend the results stated in Section[T]to more general Kahler fibrations. 
Indeed, the adiabatic limit technique used in the proof of our existence theorem is not limited to 
projectivised bundles, and could be applied to more general fibrations. 

Suppose we are given a principal G-bundle % : P — > (M, (Om), with connection V, over a cscK 
manifold (M, (Om) without holomorphic automorphisms. We suppose the fibres of the associated 
bundle X — > M to be of the form (G/H ,(0 G / H ), while the Kahler metric (0 G / H is supposed 
to be Kahler-Einstein. Moreover, we assume the existence of a moment map pL : G/H — > g*, 
embedding G/H as an integral co-adjoint orbit. (For a detailed discussion of the theory of (co-) 
adjoint orbits and existence of Kahler-Einstein metrics on them, see HBesl .) 

In addition to the existence of the moment map /I : G/H — > g*, we stipulate that the sym- 
plectic form (0 G / H is the curvature form of a (Chern) connection on a Hermitian holomorphic 
line bundle L — > G/H, such that the action of G on G/H lifts to a unitary action on L preserving 
the connection. Let Jz? = P x G (G/H,L) -^-Xbe the Hermitian holomorphic line bundle, whose 
fibrewise restriction is L — > G/H. The connection V enables us to combine the fibrewise con- 
nections in ££ to give a (Chern) connection V - ^. Using the horizontal-vertical decomposition 
defined by V, we obtain for the curvature of (cf. HFP1 Remark 2.3]) 

iF s ' £ = (O G/H ®0®n*(F v ), 
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in which F v is the curvature form of V, and n*(F v ) is defined similarly as before in Proposi- 
tion [9] Using the theory of stability and Hermitian-Einstein connections on principal bundles 
of Ramanathan and Subramanian MRS II . it should be possible to formulate a criterion similar to 
the decomposition of the vector bundle E — > M into stable direct summands used before, for 
the principal fibre bundle P — > M. It should be possible to extend the main existence result for 
extremal metrics on projectivised bundles, Theorem |3] to this more general situation using again 
an adiabatic limit technique. At the time of writing this paper the author was not able to work 
everything out in detail, but these question shall be addressed in a sequel to the current paper. 

3 The formal solutions 

We are now going to construct a pointwise formal power series solution of the extremal metric 
equation (0]) by adding Kahler potentials, found by an inductive scheme, to the metric (O k - Our 
induction scheme will be different from the ones of Fine [F] and Hong IIHoll IHo2H . since a 
non-trivial co-kernel will be present in some of the linear equations we have to solve. 

However, since our induction scheme is similar in nature to the one in [F, Section 3], we will 
loosely follow the structure of the exposition there. All results obtained for the formal solutions 
in this section are only valid pointwise. Only later we will show how to establish convergence 
of the formal power series solutions in suitable Banach spaces. 

In summary, the purpose of Section[3]is to produce a Kahler metric co k n > 1 with ft^o = (»k 
on P(E) ->■ [M,co M ), obtained by adding Kahler potentials l//,- to co k — with Yi £ C^ S (¥(E),R), 
where Cj s (P(£),R) denotes the space of smooth real valued functions on P(E) invariant under 
the TP-action induced on P(E) by ld^ JcIe, € End(Z?) (cf. Definition ITTT) — such that (si^ n is 
an approximate solution to the extremal metric equation (H) in the sense that for certain constants 
C,ci, . . . ,c„ + i 6 M, 

n+l 

Scal((D k , n )-Q((D Kn )-C= J £c i k- i + 0(k- n - 2 ), (7) 

where Q((O kM ) is a Hamiltonian with respect to the purely vertical part {vik,n)v of fOfc !n for a 
(Hamiltonian Killing) vector field in the Lie algebra t lS of the torus TP (generated by the vector 
fields induced by We, , . . . , I<Je s € End(£") on P(£)). 

In order to produce this approximate solution ft)^, we have to solve three linear PDEs at 
each step in our induction scheme. As explained in Subsection 13. 1. ll below. the errors we have 
to correct in order to successively adjust a given approximate solution to a higher order approx- 
imate solution live in three function spaces N m ( r ), R, C°°(M). The N m ^ -parts of the errors are 
corrected by perturbing the hermitian bundle metric h on E M and the (Hamiltonian Killing) 
vector field which corresponds, with respect to the purely vertical part (oi kn )-y of (0^ n , to the 
Hamiltonian Q((Ok,n) at each step (for the details, see Subsection I3.2.2I ). The 7?-parts of the er- 
rors are corrected by adjusting C0k : n at a certain step in the induction scheme by a TP-invariant 
Kahler potential which is L 2 -orthogonal to the function space A^ u ( r ) (for the details, see Subsec- 
tion l3.2.3T ). Finally, the C°°(M)-parts of the errors are corrected by adjusting the Kahler form com 
on the base manifold M by suitable Kahler potentials (for the details, see Subsection l3.2.4l >. 
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3.1 The first order approximate solution 

We shall now compute the scalar curvature of co^o = ®k = iF v +k- 71*(Om- But first, we will 
need some more terminology. 

Splitting the trace A mk with respect to (Du up into vertical and horizontal parts motivates the 
following definitions. 

Definition 14. The vertical trace is defined by 

(r-l)«A< 5 2 
(o FS 

for a G A 2 y*, where the quotient is taken in the line det f* (as (0 FS G A 2 "V* and rk(^) = r - 1, 
r = rk(£"), this is well-defined). The horizontal trace is defined by 

M 

for a G A 2 Jf *, where the quotient is taken in the line detJf* (as (0 M G A 2 Jf * and rk(^) = 
dim(M) = «, this is also well-defined). 

Lemma 15. Let a G A 2 rP(£)*, then 

A ak a = A WFS (a) y + k~ l A m (a)^ + G(lC 2 ), 

where (oc),^ and (a)y denote the purely horizontal and purely vertical components of the 
form a. 

Proof. The result is obtained by computing: 

{n + r-l)aA(0£ +r - 2 



A m ,a 



_ (r - 1) (q) y A (O r F - s 2 A {^l*(F v ) + k(Q M ) n 
(D F - s l A(ll*(F v ) + k(DM) n 
n (cc)jg> A (O^ 1 A ( j U*( j F v )+&o>m)"~ 1 

=A fflfS , (a) r + k- l A aM (a) M , + 0(k- 2 ); 

where in the last equality we expanded the second fraction in a power series in terms of k~ l , and 
absorbed the terms containing jj,*(F w ) into the G(kr 2 ) -terms. □ 

Definition 16. The vertical and horizontal Laplacians (on functions) are defined by 

A r f = A mFS (iW/) , 
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and 

A M >f = A e > M (iddf)^. 

The fibrewise restriction of Ay is the Laplacian on a fibre determined by (Ops- Whereas on 
functions pulled back from the base, A^p is the Laplacian defined by (Om- 

Lemma 17. The co k -Laplacian on functions, denoted by satisfies 

A k f = A r f + k- l A,^f+0(k- 2 ). 

Proof. This follows immediately from the decomposition of A mk obtained in Lemma [T31 □ 

Lemma 18. For the first order approximate solution co k we get 

Scal{(O k )=C + k- 1 (scali^+bn^A^F^^+^ik- 2 ), (8) 

for some constants C,b depending only on r; and }X* is again the map defined at the beginning 
of Section \2.2\ 

Proof. We have the short exact sequence of vector bundles on F(E) 

O^Y^ T¥(E) ^JT^O. 

Therefore, we have the C°°-splitting T¥(E) = "V © 3f (as already mentioned in Section 12.21 
above). This is not a holomorphic splitting and in general 3^ defined via this splitting won't be 
a holomorphic subbundle of TP(E). However, as the vertical tangent bundle "V is a holomorphic 
subbundle of TP(E), the quotient bundle TP(E)/y is also a holomorphic vector bundle. More- 
over, we have the C°-isomorphism M 3 = TP(E)/i / , and for the calculation below we shall use 
this identification and consider Jif as a holomorphic vector bundle. 

Thus we have the isomorphism Kpi E \ = A r ~ l Y* ® A n Jif* of holomorphic line-bundles. 
Hence the Ricci form 

Pk = iF^+iF^\ 

where F Ar ~ ly * ,F A " je * are the curvature forms of A r - l y* ,A"JT* . 

With A r - l (V*) = <^p( £ )(-r) <g> (det£') _1 , we see that co k = (0 FS ® /J,*{F v ) + k(0 M induces a 
metric hf on A r ~ l 'f* which is determined by the fibrewise Fubini-Study metrics. So, hy is the 
r-th power of the metric on ( 1 ) (which is induced by the metric honE), hence its curvature 

is just rF yL . 

The curvature F A "- je * of A n Jif* depends on k, as the metric on Jff corresponds to the Kahler- 
form n*(F v ) + k(OM- Denote by Pm the Ricci form (pulled badsQ to F(E)), i.e. the curvature 
form of the Chern connection on K^, the anti-canonical line bundle of M, determined by (Om- 
Since the horizontal tangent bundle 3f projects to the tangent bundle TM of the base manifold 
M, we will identify A n Jf* = n*K^ as holomorphic line-bundles. 

'We won't denote the pullback of functions, forms, etc. explicitly. 
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The ratio of the top exterior powers of the two Kahler forms /x*(F v ) + kd)M and (Dm gives 
us the ratio of the corresponding metrics on the (holomorphic) line bundle A n Jif*. By general 
theory, we then know that iF A "^* and Pm are related by 



iF Anjr -p M = idd log 



{^*(F v )+k(o M f 



iddlog[k n + n*(A a)M FV)k n - l + 



Thus, the Ricci form of (O k is given by 

= riF vL * + iF A "^ 



r/F v + p M + idd log [k n + ^(A^F*)*"" 1 + 
r/F vL * + p M + idd log£" log f 1 + /j,*(A C0M F v )k~ l + 



Using the power series expansion log(l +x) = YT =l {— 1) ,+1 ^-, [x| < 1 (which is possible since 
k 3> 0), we obtain 

p k = riF v " +p M + k- 1 idd(n*(A aM F v )) + &{kr 2 ) (9) 

= r(0 FS + rn*(F v ) + p M + k-'idd^ih^)) + G(k- 2 ) 

Using Lemmas [151 [T7J and the fact that the Ricci-form of the Fubini-Study metric induced on 
the fibres by ^We)(1) is p F $ = r(Ops, we get by taking the trace of p k with co k 

Scal(co k ) =Scal(co FS ) + k- 1 (V(A fflM F v ) +Scal(co M ) + A r {^*(A mM F v ))) + '• 2 > 



Moreover, using that /i*(A fflM F v ) is in the first eigenspace of — with first eigenvalue Vi 
2r — we get 



Scal{(O k ) = Scal{(0 FS )+k- 1 {Scal{(D M ) +bn*(A aM F w )) + <^(/r 2 

with some constant b depending only on r. Setting C := Scal(cops) = 2r(r— 1) gives us equa- 
tion ©. □ 

3.1.1 Splitting of function spaces on P(F) 

The space of smooth functions C°°(P(F)) on P(F) — > M splits as follows 

C°°(P(F)) =C ( 7 (P(F))©C°(M), 
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where C°°(M) are the smooth functions pulled back from the base; and the space Cq(P(E)) of 
smooth functions of fibrewise mean-value zero splits further into 

Co(nE))=N m{r) (BR, 

where functions in N m ^ restrict to mean- value zero Hamiltonians for an isometry of a fibre with 
respect to the Fubini-Study metric, while the functions in R are L 2 -orthogonal to N su m and the 
constant functions. In total we get a splitting into three function spaces 

C™(P(E))=N su{r) (BR(BC"(M), (10) 

which depends on the Fubini-Study metric induced on the fibres of P(E) — > M, and thus on the 
Hermitian bundle metric h and the corresponding Chern connection V/j on E — > M. 

In order to perturb co^ to a higher order approximation of an extremal Kahler metric, we will 
have to deal with errors living in these three function spaces. As already mentioned above, these 
errors will be corrected by solving linear PDEs. 

3.2 The second order approximate solution 
3.2.1 Linearisation formulas 

The next lemma is the same as [F, Lemma 2.1], about the linearisation of the scalar curvature 
map on Kahler potentials on a Kahler manifold (M ,J,g,co); similar formulas can also be found 
in BLS2[ Section 2]. We are considering the map Seal : h-> Scal(co^), with ftty := co + iddcj); 
which is defined on some open set U C C°°(M). 

Lemma 19 (cf. Lemma 2.1 in (PI). On a Kahler manifold (M ,J,g,co), let V denote the L p m+A - 
Sobolev completion ofl/C C°°(M). The scalar curvature map on Kahler potentials, Seal, ex- 
tends to a smooth map Seal :V—^Lm whenever (m + 2)p — 2n > 0, where n = dimcM is the 
dimension of the underlying manifold M. Its linearisation atO(zV is given by 

L ScaI ,M= {A 2 -Scal((Oo)A)4>+n(n-\) ldd * A P n A( °" (11) 

where p denotes the Ricci-form of CO. 

Frequently, we will have to use another form of the linearisation of the scalar curvature map 
on Kahler potentials. Using a Weitzenbock-type formula for the Lichnerowicz-operator D* D, 
equation (TTTTt can also be (re-)written as in the following Lemma. (Rigorous proofs of the two 
lemmas stated below, with a slightly different convention for the Laplacian and scalar curvature, 
can be found in HLS21 Section 2].) 

Lemma 20. On a Kahler manifold (M,J,g, co), the linearisation Ls ca i,a) of the scalar curvature 
map on Kahler potentials is given by 

L Sca i, m (<l>) = ®*®<l> + -VScal-V<l>, (12) 

where the gradient and inner product in the last summand are taken with respect to the metric g 
corresponding to CO. 
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In the same vein, we obtain the analogous result for the linearisation of the extremal metric 
operator Seal (a) — H(co) — S. 

Lemma 21. On a Kahler manifold (M,J,g,co), the linearisation L,Extr,a of the extremal metric 
operator Scal(co) — H(co) — S on Kahler potentials invariant under the chosen maximal con- 
nected compact subgroup G max of the reduced automorphism group Aut® ed (M,J), is given by 

L Extr ,M = 2>*2)(0) + ^VScal(co) • V0 - ^VH(co) ■ V0, (13) 

where the gradients and inner products are taken with respect to the metric g corresponding to 
CO. Here, H(co) is the Hamiltonian with respect to CO of the extremal vector field determined by 
Gmax and [co] ( cf. Definition 0. 

Hence if we linearise the extremal metric operator Scal(co) — H(co) — S, at an extremal met- 
ric, the last two summands in equation (fT3l drop out as the metric already satisfies equation (0]), 
and we get the Lichnerowicz-operator 3?*2)(0). 

3.2.2 Correcting the N su t r \-part 

The 0(k ) -error in equation (|8), which we will denote by splits according to the 

splitting £02) of the function space Cq (P(E)), 

In order to get rid of the 77^-2)^ -part of the Gik" 1 ) -error Tj^^-iy we will employ a tech- 
nique which involves perturbing the Hermitian metric h on E — > M by a suitable Hermitian bun- 
dle endomoiphism. In the current section, it becomes important that /i*(A fflM F v ) depends on the 
(Hermitian) bundle metric h. For this reason, we shall write /i*(A fflM F v ) = H*(h, A fflM F v '') — 
emphasising on the /i-dependence of the map pt* and the Chern connection V = V/, on E — > M — 
from now on. 

Remember equation © which says that the scalar curvature of C0u is given by 

Scal{co k ) =C + k- 1 (scal(co M )+bn*(h,A mM F w »)^ (14) 

+ k~ 2 {nff(k- 2 ),N su{r) + T]ff(k- 2 ),R + Vff(k- 2 ),C-(M)) + <^0~ 3 ), 

where we explicitly wrote out the G(kT 2 ) -error. 

Step 1. We are going to change h to a new bundle metric h' := h (l +k~ l V), where V is a 
Hermitian bundle endomorphism, i.e. the two metrics h,h' are related via 

((l+*-V)(.),-)„ = (v)*- 

This change of the metric h will cause two types of changes in jJ.*(h, A fflM F v ' ! ). Namely, the 
one caused by the /j-dependence of fi* itself — indicated by the first argument of and 
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the other comes from varying A mM F Vh — the second argument of jU*(-, •) in which it is actually 
linear. We write the total variation 8jX*{h, A (OM F^ h ) as the sum of these two variations 

d^(h,Ao }M F v ") = d h ^(h,A mM F^) + 8 Aa F , h ^(h,A mM F v "). 

W M 

In order to correct the 77^-2^ . -part of the <^(&~ 2 ) -error, we set 

Ss^M'foAav^*) = -T] ff ^2 lNMr) , (15) 

which will give us an equation for V. 

For the Hamiltonian of the (real holomorphic) Hamiltonian Killing vector field A raM F v * = 

— «Xp=i ^pI^Ep (defined as in Definition [TTb with respect to the metric COpsQi') — which is the 
purely vertical part of COo(h') with respect to the perturbed bundle metric h' — we will use the 
abbreviation fi*(hf, A Wm F v ») = n*(h, A mM F v ") + d,^*(h,A aM F v "). 
Step 2. Using the formula 

h'- 1 = (1 -k- X V)h~ X + 0{k- 2 ), 

where h~ l ,h'~ l denote the (local) inverses of the metrics h,h', we are ready to compute the 
change <5 A F v h jjL*(h,A a)M F Vh ) of n*(h,A mM F Vh ). Since locally the curvature of the Chern con- 

nection V/, is given by F v *' = d(h dh'), 

h'- l dh' = h- l dh + k- 1 (dV+ [h- l dh,V]) + @(k- 2 ) 
= h- l dh + r l d h V + tff{k- 2 ), 
F v *' = F v "+k- l dd h V + 0(k- 2 ), 

where df, is the (l,0)-part of the Chern connection of the bundle metric h (for the (0, l)-part we 
have df, = d, thus we dropped the index). Contracting, using the Kahler identity d£ = i[A,d], 
gives 

A Wm F v >> = A WM F V " - k-HA dh V + 0(k- 2 ), (16) 

where denotes the e^dft-Laplacian acting on endomorphisms (determined by h). 
Hence for jU*(/i',A % F v ''') we get 

H * (ti, A«, M F V *') =n * (h, A mM F v '-) + ShU * (h , A mM F^ ) - k~ V (h, iA d , V ) + e(]C 2 ) 
=^{h',A mM F w ")-k-^*{h,iA dh V) + ^(k- 2 ). 

Therefore, after changing h to h 1 = h (l +k~ l V), the scalar curvature of (Ok(h') is 
Scal(co k (h')) =C + k~ l (scal(co M )+bli*(ti,A mM F v ")^ 

+ r 2 (-bn*{h, iA dh V) + ne( k -^ su[r) + Vff(k-%R + Vff(k-^),c-(M)) + @(k~ 3 ). 
Hence equation (fT31) becomes 

bn*(h,iA dh V) = riff (fr 2 )iNMr) . 
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Writing ii*(h,U) := i}^(*- 2 ) w su(r) f° r some skew-hermitian endomorphism £/, which is possible 
since n^(*- 2 ),w <uW G A / Bu (r) — the space of mean-value zero Hamiltonians for isometries on the 
fibres of P(E) — > M, gives 

biA dh V = U. (17) 
Step 3. In this last step, we solve equation (fTTl) . 

The Laplacian has a non-trivial (co-)kernel in End (is). Since the vector bundle we 
consider splits as a direct sum of stable subbundles of different slopes E = E\ © • • • © E s , this 
(co-)kernel is generated by the identity endomorphisms IcIe, ,IdE r Therefore, the projection 
of U to cokerEnd^g^A^ can be written as 

proj cokerEnd(E)Aaii ( u ) = KftldEi +■■■ + %Id Es ), 

for suitably chosen /i, . . . ,y s E M. Subtracting proj cokerE d(E)Aj (U) from the right hand side of 
equation (fTTT ). we can now solve (using standard elliptic PDE-theory) 

biA dh V = U- proj cokerEnd(E)A% (U) = U- i{y x Id El +■■■ + J s Id Es ) (18) 

for V. Thus, we have found the desired bundle endomorphism V and can therefore correct the 
r 7^(yt-2),Af su(r) - error b y setting ti = h(l+k- l V). 

However, subtracting proj cokerE d(E) A 5 (U) from the right hand side of equation (fTTT ). we have 
to add it back on to the right hand side of equation (fT4l) . In fact, with U given by pL*{h,U) := 
^(k-^,N su(T y re-writing equation COD as 

Scal(co k ) =C + /T 1 (scal(a} M )+bn*(h,A aM F Wh )^ 

+ ArV (h, (proj cokerEnd(E)At)h ([/) -proj cokerEnd(E)A ^ (£/))) 

+k~ 2 (j}ff(k-*),N suir) + n<?{k-T-),R + n ff(k~' 1 ) ,c°° (m) J + <^0~ 3 ) 

leaves it unchanged (because the terms in the second line add to zero). Since proj cokeiE A ^ (£/ ) = 
i(y\IdE l H h y s ldE<), using that /!*(-, •) is linear in its second argument, one can further re- 
write this as 

Scal{(O k ) =C + k- i (scal((0 M ) + H* (h,bAw M F v " + k- 1 i(y 1 Id Es + ■ ■ ■ + 7*))) (19) 
-k- 2 ^(h,{woi^ TB ^ )Adb (U))) 
+ k~ 2 {r\ff {k -2), Nsu{r) +nff( k -2)£ + ^0( k -2)e"{M)) + G(k^). 

Therefore, using bA mM F Vh = —biYf p -\ h p IdE p , the "trick" we used to solve equation (fTTT ) — i.e. 
adding and subtracting proj cokerE d(E) A. (^0 — can be interpreted as changing the weights of the 
Hamiltonian TP-action, induced by Ue x , • • • , Wf, € End(.E) on P(E) (as in Definition ITTb. since 
bll*(h,A aM F Vh ) becomes 

Ai* (h,ij^(-bX p + k- l Y p )Id E }j . 
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Using the re-written version of equation ([14), equation (fT9l ), we can go through the steps 1-3 
explained above again via setting h' = h{ \ +k~ l V) and solving equation (H~8T > for V, which gives 
us 

Scal{(O k {h')) =C + k~ 1 \Scal(ea M ) + H* (^\i^{-bX p + k- l y p )ld E ^j (20) 



+ k \J[ff{k- 2 ),R + T )0(k- 2 ) ! C°°(M) J + 

By Proposition [9] and our definition of (Ok, 

(O k (h) = (o FS (h) + n*(h,F Vh ) + kw M , 

where we emphasised on the /j-dependence of the first two summands. These first two sum- 
mands are representatives of the class ci(^p(£)(l)), and therefore for any two metrics h,h' = 
h (1 + k~ l V) on E they are cohomologous. By general theory, the two metrics C0k(h),(Ok(h') are 
related by 

(O k {h')-(O k (h) =r l idd ( Y, k ~ d £d,0(k-*),N SU M J --^idd^ff^-i)^ 

\d=Q 



where it is crucial (in particular for the analysis done later in Section H) to observe that 

G) k (ti)-(a k (h) = &(k- 1 ). 

Therefore, the same effect as varying the metric h on the bundle E can also be achieved by adding 
k idd<j>ff^-2^ N — where the Kahler potential <pff(k- 2 ),N<. u{r ) depends on powers of k^ 1 — to 
co k (= (O k (h)). Clearly the Kahler potential §ff(k- 2 ),N su(r) G C°°(P(E),M) is TP -invariant, i.e. 
<j>0(k-2j N € Cj S (P(E),R), which follows directly from the fact that the metrics C0k(h),C0k(h') 

and also their difference are TP-invariant. Using (Ok{h r ) = G>k(h) + k^ l idd<^) e ^ k -2^ Ns _ , we write 
as the conclusion of this section 

Scal{(o k + k- l idd^ &{k -2 )tNsu{r) ) =C + k- 1 \ Scal(G} M )+Li* \ht \i^(-bX p + k- l y p )Id E \\ 

+ ^ 2 (r ]e{k -^ R + r] e(k -2 ) ^ {M ^+&(k- i ). (21) 

3.2.3 Correcting the /?-part 

Using the results in Section [3.2. II we get. 

Lemma 22. Denote again by Ls ca i,a k the formal linearisation of the scalar curvature map on 
Kahler potentials defined by (Ok- Then 



: LgcaLF + 



where E$ ca \ )E is the fibrewise linearisation of the scalar curvature map (on Kahler potentials), 
i.e. Lscai,F (0) is defined as the change in scalar curvature determined by adding idd (0 \ fibre) on 
the Fubini-Study metrics induced on the fibres of¥(E) — >■ M. 
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Proof. For the linearisation Ls ca l,m of the scalar curvature map on Kahler potentials on a Kahler 
manifold (M,J,g, (0), Seal : <p S C°° h-> Scal(co^), (0$ = (0 + /<9d0, we have by equation (ITTb 

LscalM = (A 2 ~ 5ca/((BD)A) <p+n{n- 1) ^ , (22) 

where p is the Ricci-from of the Kahler metric induced by O). Applying this to the scalar curva- 
ture map on Kahler potentials on (P(£), (Ok) gives us 

iddty Apk A (oj- r+r ~ 3 ^ 



LscalMQ) = (Ajt -ScaZ(fflfc)Ajfc) + (n + r- l)(n + r-2)- 



where as above, A* is the Laplacian defined by (Ou- Using equation ([8]), and equation (O for p^ 
together with Lemma [TTl gives 

LscaLaM) = {&y-Scal((0 FS )Ar) <l> 



idd(j) A (p k ) t A (O r F - s 3 A (/I* (F V ) + k(0 M )" 

+ (r-l)(r-2)± ^ y , + ^(0 

<5 A (jU*(^ V )+fo0M) 

(iaa^) A(pfcVAa)^ 3 

: (A 2 r - Scal((0 FS )A r ) + ( r - l)(r - 2) ^ + 



(Essentially, this computation is the same as the one in the proof of Lemma [T51) □ 

From equation (fT2l . we know that since the Fubini-Study metrics induced on the fibres of 
P(E) — > M have constant scalar curvature, 

L ScaliF (<i>)=®*® F ((i>), 

where D*D F is the Lichnerowicz operator on the fibres. 
Remark 23. 

1. On a Kahler manifold (M,J,g,m) endowed with a G mflV -invariant Kahler metric — where 
again G max is some chosen maximal connected compact subgroup of Aut® ed (M,J) — the 
Lichnerowicz operator D*D is a self-adjoint, fourth order linear elliptic differential oper- 
ator which is moreover G max -invariant. Naturally, D* D acts on the space of smooth, real- 
valued, G maA -invariant functions (M, R) ; and has a continuous linear extension — also 
denoted by D *D — mapping between the Sobolev-completions L 2 m G (M , R) of C£ (M, R) 
^L 2 Gmu (M,R). 

2. Moreover on the Kahler manifold (M ,J,g,(o), the space of Hamiltonian Killing vec- 
tor fields ham(M,/,a>) = iso°(M,g) naut° ed (M,J) — where iso°(M,g) is the Lie alge- 
bra of the isometry group Isom (M,g) of (M,g) — can be identified via the Hamilto- 
nian construction for (0 with the (co-)kernel of T)*D in C°°(M,R), since a vector field 
V G ham(M,/, ffl) if and only if it is of the form V = 7grad g f = grad ra f for a real function 
/ G ker£)*£> (For a proof of this result, cf. HLS2I Theorem 1 and Proposition 1]). 
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3. In particular, the Lichnerowicz operator on F(E) — > M is invariant under the (Hamil- 
tonian) TP-action induced on P(E) by the bundle-endomorphisms Me, , . . . ,IcIe s — remember, 
the vector bundle E — > M is supposed to split as a direct sum E = E\ ® ■ ■ ■ ffi E s of stable, 
hence simple, sub-bundles of different slope — via the (infinitesimal) action described in 
Definition [TTJ This is relevant, for example, since we perturb the Kahler metric (Ou on 
F(E) -> M by adding TP-invariant Kahler potentials E C^(P(£),R). 

By point 2. of Remarkl23lwe know, since D*Qp is self-adjoint, that ker5}*2V — coker2)*5}p 
can be identified via the Fubini-Study metric induced on the fibres of P(E) — > M with the func- 
tion space A^ u ( r ) in the splitting (TTQb of C°°(P(£')). Therefore, we can invert Ls ca i,F = £**£>f 
o«(y in the function space R — which consists of the functions which are L 2 -orthogonal to N su ^ 
and the constant functions. 

The /^-component of W1 U ^ e corrected by adding a suitably chosen Kahler potential 

k~ 2 <l>^(k~ 2 ),R to (Ok- Applying Lemma 1221 gives 

Scal{(O k + k^ l idd<j) &{k -2 )Nei[{r) +k' 2 idd^ ef(k -2 )R ) = (23) 
C + k- 1 \ Scal(G) M )+n* (h 1 \ij^{-bX p + k- l y p )Id Ep 

+k~ 2 (Ls ca i, F (<t><?(k- 2 )ji) + T lfi'(k- 2 )fi + r ie{k- 2 ).C"{h()) + ^{k^)- 
Therefore, the Tj#-part of the i^(&~ 2 )-error can be corrected by solving 

Lscal,F{§&Xk- 2 ),R) = -^GXk- 2 )^ ( 24 ) 

for the Kahler potential fy^n- 2 ) «■ Indeed, <j>ffik- 2 ) R can be chosen to be invariant under the TP- 
action induced on P(£) — > M, since the differential operator Ls ca i,F = S3*S)f itself is invariant 
under this action (See point 3. of Remark [23). 

Lemma 24. For 6 £R, there exists a unique p € R such that 

Lscal,F{p) = &■ 

Proof. (Modified from the analogous result for Kodaira fibrations, [F, Lemma 3.6].) 
Given the function p G R, denote by p a the restriction of p to the fibre of P(£") — > M over a G M. 
The operator Ls ca i,F is just the linearisation of the scalar curvature map on Kahler potentials de- 
termined by the induced Fubini-Study metric on that fibre. By point 2. of Remark |23l this 
operator is linear elliptic, self-adjoint and also an isomorphism for functions in R. Since func- 
tions in R are (L 2 -)orthogonal to N su ^ and also to the constant functions, we can certainly solve 
the fibrewise equation (Ls ca i,F)aPa = ^a, uniquely. Patching together, using the uniqueness of 
the fibrewise solutions p CT , gives a solution to Ls ca i,F (p) = Q- Because the operator Ls ca i,F is 
only elliptic in the vertical directions, we have to check that the function p is also smooth trans- 
verse to the fibres. However, since p a = {Ls C ai,F)a l Qo> and the fact that (Ls ca i,F)o is a smooth 
family of differential operators, the required regularity properties follow. □ 
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Applying Lemmal24land using point 3. of Remark[23]gives us the existence of a T 5 -invariant 
solution (j)ff( k -2) R e RDCj s (F(E),R) of equation (l24l) . 

Adding the TP-invariant potential iddk^ 2 (p^^ k -2) R with Ls ca l,F(tyff(k- 2 ) ,r) = — r l&(k- 2 ).R to (Ok 
can be considered as changing 

C0 FS i-> (D FS + k~ 2 idd§0 {k -2 ) R . 

So for the term 

in equation (1231 to remain a Hamiltonian for the vector field 

s 

P =\ 

(again defined as in Definition ITTT) with respect to the perturbed metric cops + k~ 2 idd<i>ff(k- 2 ) 
it will change according to the following Lemma. 

Lemma 25. Given a Hamiltonian F for some vector field V in the Lie-algebra hom(M,7, co) 
of the Hamiltonian isometry group Ham(M,J,co) of a (compact) Kahler manifold (M,J,CO,g). 
Varying CO by adding a V -invariant Kahler potential \y € C°°(M), i.e. JifvY = 0, such that 
Co' = C0 + iddy, varies F according to the rule 

F' = F + -dy(JV) = F — ^VF ■ Vy, (25) 

up to the addition of a constant. The gradient and inner product are both taken with respect to 
the metric g corresponding to CO. 

Proof. The vector field V and the Hamiltonian F are related via 

l v co = -dF. 

\fco' = co + iddy = co- \dd c \\f, then 

l V C0' = l V C0 - ^lydd C y 

= —dF - ^J£v(d c y) + ^d(i v d c \jf) (by Cartan's formula) 
= -dF - ^d c (^vY) + )jd{l v d c y) (as V is real holomorphic) 
= —d(F — }^i v d c y) (since ££y\y = 0) 
= -d{F+ l -dy{JV)). 



This computation shows that V is a Hamiltonian vector field with respect to co', and the corre- 

\ dy(JV) = F-fr 



sponding Hamiltonian function is F' = F + jd\j/(JV) = F — ^VF ■ Vy. □ 
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Applying Lemmal25lto jj,* (/?', *Tp=i (—bX p + k l y p )ldE p ) and (Ops+k 2 idd(j)ffr k -2Y R shows 
that jJ.* (ti ,iY? p= \{-bX p + k~ l Y p )ld El ) transforms via 

At* ^if^i-bXp+k-'r^idE^j ^* [h 1 \ij^ybx p +k- l y p )id E }j 



k \<$> R ■ vm* (h',i £ {-bx p +k- 1 7p )id Ep 
\ p=l 



2 

-2\ 



This completes the task of correcting the /^-component rj^^- 2 ) .r °f tne ) -error T}ff(k-2\. 

3.2.4 Correcting the C°°(M) -part 

In order to correct the C°°(M) -component T)&(k-z),c°°(M) °f tne <^(£~ 2 ) -error we will 

perturb the metric (Om, pulled back from the base, with a Kahler potential tyff(k- 2 ),c°°(M) £ C°°(M) 
in a suitable way. 

From equation © we know that the scalar curvature ScciI(com) of (Om (the pulled back metric 
from the base) appears at order G(kr x ) in Scal((O k ) — it is the C°°(M) -part of the ^(fc -1 )-term of 
Seal {(Ok). Using the Kahler potential (j>fftk-^,o°(M) £ C°°(M) to perturb (O k can be thought of as 
changing the metric (Om, scaled by the factor of k in the definition of (O k . Because of this scaling, 
the effect of adding iddfyfft^^iM) to (O k is the same as adding k~ i idd(j)ff( k -2- ) C °°( M } to (Om- 

With the following formal linearisation formula — derived exactly the same way as equa- 
tion (TTTT) — giving the variation of Scal((OM) 

Seal ((0 M + k~ l idd(f)ff (k -2 ) c ~, (M) ) = Seal {(Q M ) + k~ l L ScalM (<$>0i k - 2 ),c~{M) ) + GilC 1 ), (26) 



ff(k- 2 ),C°°(M) J - ^Ul \y>M) T K ^Scal,M\H'£f(k- 2 ),C-{M) , 

(in which Ls ca l,M denotes the formal linearisation of the scalar curvature map on Kahler poten- 
tials on the base) we obtain by adding idd<j>0r k -2\c°°(M) to th e perturbed metric 
(O k + k~ 1 idd(f)ff( k -2} ^ + k idd<$)@( k -2^ R , considering it as a change in (Om, using equa- 
tions (EB and (1261 

'ff(k- 2 ),C°°(M) 



Scal(o) k + k l idd^ {k - 2)Nsu{r) +k 2 idd^ {k -2 )R + idd<j>. 



= C + r l {Seal ((0 M ) + V* i £ (-bkp + k-^Id^j J 

+ k ~ 2 {j\0(k- 2 ),C~{M)+ L ScalM{$0(k- 2 ),C~(M))) + ^(k~ 3 ). 

Since the base metric (Om is cscK, using equation (fT2l) gives 

where J)* 3m is the (self-adjoint, fourth-order linear elliptic) Lichnerowicz operator on the base. 
Analogous to Lemma 1241 we have. 
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Lemma 26. For j8 € Cq(M), there exists a unique a € C ( ~(M) such that 

Proof. The cscK base manifold (M,(Om) is assumed to have no holomorphic automorphisms. 
By the Matsushima-Lichnerowicz theorem, holomorphic automorphisms complexify Hamilto- 
nian isometries modulo trivial isometries on a cscK manifold; hence the base has no non-trivial 
Hamiltonian isometries, and thus by point 2. of Remark l23l ke.xLs C ai,M = ker D*£>m — K- Since 
Lscai,M = is a self-adjoint, fourth-order linear elliptic differential operator on the compact 

manifold (M,(Om), standard elliptic PDE-theory immediately gives the (unique) invertibility of 
L S cai,M ■ Cq (Af) ->■ Cq (M) as Cq (M) = C°° (M) /R on the compact manifold M. □ 

Hence up to the addition of constants we can solve 

L Scal,M((t>0(k- 2 ),C°"(M)) = _T ?^(fe- 2 ),C"(M)i 

in case the right hand side has mean- value zero. Denoting by C2 '■= *hm^) c°°(m) me mean value 
of f]ff(k-2).c°°(M) (with respect to the Kahler metric corresponding to (Dm), we define §0ik-z) > c°°{M) 
to be the solution of 

LscalM{§0{k- 2 )£°°{M)) = ^*^M((t>ff(k- 2 ),C""(M)) = c 2 ~ ^0(k~ 2 ),O°(M) • ( 27 ) 

By Lemma [26] this equation can be solved in C°° (M) since its right hand side has mean- value 
zero. Moreover, since the Kahler potential 0^-2) c°°(M) * s pulled back from the base, it is 
automatically invariant under the (Hamiltonian) T 4 -action induced by /dfe, ,IcIe s £ End(£') 
on F(E). 

Therefore, the C°°(M)-part ^(fc-^c-tof) °f me ^(&~ 2 )-error is corrected modulo the 

constant ci, i.e. 

Seal (a) k + k- l idd<$> ff{k -2 ) Neu(r) + k~ z idd^ ik -2 )iR + idd^ ff{k - 2 ),c-(M)) 

= C + r l \Scal{(D M ) + n* ,ij^{-bX p + k- l Y P )Id E }^j (28) 
+c 2 AT 2 + ^0r 3 ). 

Thus we completely corrected the <^(&~ 2 ) -error v\tt(k- 2 y 
3.3 The higher order approximate solutions 

In this section we will complete our approximation scheme. This enables us to find — in the 
sense of equation © — an approximate formal power series solution to the extremal metric equa- 
tion ©, pointwise arbitrarily close to a genuine solution. 

Remark 27. From now on, in order to save on notation, we will denote the Hamiltonian con- 
structed while perturbing the map pt* in our induction scheme by Q. 
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Theorem 28 (Formal solutions to the extremal metric equation). Given an integer n > 1 we 
can find Kahler potentials, invariant under the T -action induced by ldE x , • • • , Ids s £ End(£') on 
HE), 

^ (r) GC T "(P(£),l), ^ R eRDCj s (P(E),M), ^(m) € C (M) nC^(P(E),M), 

fori= l,...,n 

such that the metric 

— " ( ■ ■ \ 

CO k .n = (O k + iddY,[k~'faN su(r) +^ I_1 ^,R + ^ !+1 ( -,C-(M)J 

is an (n + l)-th order approximate solution to the extremal metric equation (|4]), by which we 
mean, as in equation ([7]), that pointwise on¥(E) 

n+l 

Scal((0 Kn ) - Q((0 k) „) -C = Y J c i k- i + &{k- n - 2 ), C,c u ...,c n+1 eR, (29) 

(=i 

where Q{(Ok, n ) is a Hamiltonian with respect to the purely vertical part {(Ok,n)y °f (»k,n far a 
(Hamiltonian Killing) vector field in the Lie algebra t lS of the torus TP (generated by the vector 
fields induced by ld£ y , • • • , We, € End(i?) on ¥(E) ). 

Proof. The proof follows by induction using the steps carried out in order to find the second 
order approximate solution in Sections 13.2.21 13.2.31 l3T2~4l as the inductive steps. □ 

4 Analytic aspects 

The whole Section|4]bears many similarities with [F Sections 4-7], and in fact many results and 
ideas of J. Fine were adapted for our case and are variations of his results. 

4.1 The Implicit Function Theorem 

We are going to use a parameter-dependent implicit function theorem (IFT), the parameter being 
the adiabatic parameter k, in order to show the existence of a genuine solution of the extremal 
metric equation, lying nearby the approximate solution found in Theorem [28] 

Theorem 29 (Implicit function theorem). 

• Let F : B\ —■ B2 be a differentiable map ofBanach spaces, whose derivative at 0, DF \q, is 
an epimorphism ofBanach spaces, with right-inverse P. 

• Let 8' be the radius of the closed ball inB\, centred at 0, on which F — DF\q is Lipschitz, 
with constant 1/(2||P||). 

• Lef 5 = 5'/(2||P||). 

Whenever y € B2 satisfies \\y — F(0)\\ < 8, there exists x € B\ with F(x) = y. 
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In fact, this statement of the IFT is the same as (B Theorem 4.1], except that we assume 
DF\q to be an epimorphism of Banach spaces having only a right-inverse P, instead of a "two- 
sided" inverse. The reason is that unlike Fine ||F] or Hong HHoll . we actually have non-trivial 
Hamiltonian Killing vector fields on P(is), induced by the non-trivial automorphism group of 
the vector bundle E — » M (remember: E is unstable, and not simple since Aut(is) = U(l) s ). 
Therefore, the leading order part of the linearisation at 0J ki „ of the "approximate extremal metric 
operatoiQ" 

AEMO(0) := Scal{(O k: „ + idd(j)) - Q((O k , n + idd(j)) -C (30) 

(i.e. the left hand side of equation (l29l) ) on TP-invariant Kahler potentials will have a non-trivial 
co-kernel in the function spaces Cj s (F(E),M.) and L^ TJ (P(£),R); where we use the standard 
notation and denote by L 2 m the Sobolev space of functions whose derivatives up to order m are in 
I?. 

Remark 30. The Sobolev space L„(g kj „), defined via the metric g kj „ corresponding to o^„, con- 
tains the same functions for different values of the adiabatic parameter k, since the corresponding 
Sobolev norms || • (g^ ) we equivalent for different values of k. (Although the constants of 
equivalence depend on k.) 



The parametrised equation 

Our goal is to solve the extremal metric equation ©, for k S> and fixed n, 

Scal((O k)n + idd<j>) - H(co k>n + idd<j>) -5 = 0, (31) 

where S is the average scalar curvature and is a TP -invariant Kahler potential. So it is reason- 
able to try to solve AEMO(0) = 0, with AEMO as in (l30l) : which we want to do without having 
to worry about the obstructions coming from the non-trivial co-kernel of the leading order part 
of its linearisation. In order to handle this non-trivial co-kernel, we will employ essentially the 
same trick as already used in Section 13.2.21 above. More precisely, denote the linearisation of 
AEMO at (Qkn by Laemo,o>*„(0)- Using Lemma 1201 to linearise the 5ca/((D^„)-part in (l30l . and 
Lemma [251 to linearise the <2 (&)£ „) -part, on (TP-invariant) Kahler potentials, we obtain 

£aemo,oU0) =2>*2)(0) + -VScal(a} kjn ) ■ V0 - -V<2(o M ) • V0 

=£*£(</>) + <^0r"- 2 ) (by using equation (US)), (32) 

where the gradient and inner product in the first line, and D*D in both lines, are taken with 
respect to the metric corresponding to co kM . 

The (co-)kernel of the self-adjoint operator ®*Q in CJ J (P(£'),R) is isomorphic, via co k ^ n , to 
the space of Hamiltonian Killing vector fields induced — as in Definition [TT] — on P(E) by linear 
combinations of Ids 1 ,...,IdE s € End (is). Also, Q((O k , n ) in equation d29l) is the Hamiltonian, 

1 We shall use "AEMO" as abbreviation for "approximate extremal metric operator". 
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with respect to the purely vertical part (a)k,n) y of co kj „, for the vector field 
B ' =i L \-bk-^X p + j^k- l -%Ald Ep , X p ,y p jeRfarp = l,...,s, l = l,...,n; (33) 

P =i V '=1 / 

constructed by iterating the procedure in Section I3.2.2l in order to find (O k ^ n . (The additional 
factor of k~ l in (l33l is due to <2 (&>&,«) not being multiplied by k~ l in equation (1291 ); in contrast 
to /!*(■ • • ) in equation (1281).) Therefore, we introduce an s-tuple of parameters © := . .. S ) 
with 0i , . . . , 6 S £ M, in the vector field B in (l33l) and define 

B'-B + Be-^ij^ l-bk-'X p + j^k-<-'y p \{\ + e p )ld Ep , (34) 

with 

B© := i £ ( -M-Up + £ k-'- l Y P ,i J e p Id Ep ; (35) 

which can be interpreted as varying the (infinitesimal) action of B on P(E). The parameter- 
dependent vector fields B',B® are again Hamiltonian Killing vector fields on ¥(E) with B',B® G 
i s — the Lie algebra of T s (which is generated by the vector fields induced by Id El Id Es G 
End(£") on F(E)). Of course, the introduction of the s-tuple of parameters & makes the Hamil- 
tonian for B with respect to ((O kM )y — which we denote by Q((O kM ,B) — parameter-dependent, as 
well. Thus, 

Q{(0 Kn ,B') = Q((o kM ,B + B @ ) = Q((o kM ,B) + Q((o kM ,B Q ), 

since Q is linear in the second argument So, instead of solving AEMO(0) = directly for 
<f) € CJ S (P(.E),R), we will solve a "parametrised version". Therefore, we shall also consider the 
constant C G M in (1301) as a parameter, which we write as C + R, and solve 

Scal{w k ^ + idd^)-Q((O Kn + idd(l),B)-Q((O k , n ,B @ )-C-R = 0, © Gl', Set, (36) 

for £ CJ S (P(£),R) and € M 1 , i?Gl. We define the corresponding "parametrised extremal 
metric operator" to be 

AEMO '*(0) := Scal(co Kn + idd<!>) - Q((O k ^ n + idd^,B) - Q(co k , n ,B @ ) -C -R; (37) 

~R 

and will denote its linearisation at (O k n by L A ^ MO m . Hence we get, as the operator is linear in 
the parameters (&,R), 

L AEMO,a, t ,„(^) =£*3(0) + l -VScal((O k „) ■ V0 - l -VQ{(O k , n ,B) • V0 - Q((O k , n ,B @ ) -R 

=2>*S(0) - Q((O k , n ,B & ) -R + @(k-»- 2 ). (38) 

Lemma 31. For the linearisation of AEMO 0S (0) (defined in (1371 )) a? (0 k ^ n we get 

4?mo !£0 ,„ W = " G(®M,«0) + ^(^ 2 ). (39) 
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Later, we will show that the map 

^AEMO,m k „ '■ ^m+4,T x ~* ^m,T s i (40) 

is a Banach space epimoiphism for which we can construct a right-inverse with suitable bounds. 

Remark 32. Because there is only one TP-action on F(E), we know by the theory outlined 
in Section 12.11 that the s-tuple of parameters is determined by the Kahler-class [fOfc] and the 
TP-action. In particular the extremal vector field — defined in Definition |7] — is determined by 
this data, and the variation of will perturb Q((Ok, n ,B) + Q((Qk,n,B®) to the Hamiltonian of the 
extremal vector field, as we apply the IFT. 

If equation (l36l ) is satisfied for the TP-invariant Kahler metric (Ok, n + idd<p,®,R, it follows 
from the calculation in equation © that C + R is the average of Scal{(Ok,n +idd$) and Q(G)k,n + 
idd(f),B) + Q((Qk,n,B®) is the (mean-value zero) Hamiltonian of the extremal vector field. 

Applying the parameter-dependent implicit function theorem 

Once we showed that the map Laemo „ : L^ n+4 T , x W +l — > L 2 m T , is a Banach space epi- 
morphism with bounded right-inverse, applying the implicit function Theorem [29]to the map 

4 + 4,p x|S+1 3 (0,®,*) ^Scal(wk,n + idd^)-Q{(Ok,n + idd^,B)-Q{wk,n:B Q )-C-RGLij S - 

we see that if the evaluation of this map at (0,0,0) E Lf n+4 T . t x W + for small 8k satisfies 

\\Scal((Ok,„)-Q((Ok t „,B)-C\\ L 2 , ) <5 k , 

then there exist (0,0,7?) € Lf n+4T , x M s+1 satisfying equation (l36l ). Hence we can conclude the 
proof once we have shown that Scal((Ok, n ) — Q((Ok,„,B) —C converges to zero quicker than 8k, 
for suitably chosen n. 

4.2 Local analysis 

~R 

In this section we will establish Sobolev inequalities, and elliptic estimates for L A ^ M0 , uni- 
formly in the adiabatic parameter k. Most results in this section were already proven in ||F] 
Section 5], to which we will often refer. 

4.2.1 The local model 

The most important result of this subsection, Proposition |34j states that the geometry of the 
fibres dominates the local geometry of the total space F(E) in an adiabatic limit for k S> 0. The 
local model we use in this section was first constructed in [F Section 5.1], and our construction 
is an adaptation of it. 

Let Bfl at cMbea ball in the base manifold M with centre po £ M, endowed with the flat 
Kahler metric. Since this ball is contractible, P(E)\b Sm (the part of F(E) over fifl at ) is diffeo- 
morphic to P r_1 x fifl at . The identification P(£)|g aat = P r_1 x Bfl at can be arranged, such that 



25 



the horizontal distribution on the (central) fibre K \ coincides with the restriction of the TBf[ at - 
summand to Pq^ 1 ) in the splitting 

t (P(£)| Bflat ) = t(V- 1 x A flat ) * rr"- 1 erfi flat . (4i) 

For every two Kahler structures on P r_1 x Bfl at will be of interest: the first one is simply the 
restriction of the Kahler structure (F(E),J, (0^ n ) to P(£)|5 flat . 

The second Kahler structure of interest is the product structure (J',co' k ), scaled by k in the 
Bflat-direction. With respect to the splitting (1411 . we have 

f =J ¥ r-l ©/B flat , 
(0' k = %r-l ©fcC0 Bflat! 

where (»B B . lt is the flat Kahler form on Bfl at agreeing with (Dm at po G M, Jb Bm is the complex 
structure on 5fl at , and 7 P , i , are the complex structure and (Fubini-Study) Kahler form on 
the (central) fibre Pj^V The corresponding product metric induced by (J',(O k ) on P r_1 x 5fl at 
will be denoted by g' k . Observe, since the fibration F(E) — > M is locally holomorphically trivial, 
the complex structure J induced on P(£ , )|^ llat by restricting the Kahler structure (P (£),/, (0^ n ) 
to P(£ , )|fi flat , and the complex structure /' induced by the product Kahler structure coincide over 
B flat ,i.e. /'| Bflat =J\b Bm - 

Later on, we will need the following lemma. 

Lemma 33 (cf. Lemma 5.1 in (0). Let a G C m (T*F(E) & ). Over¥(E)\ Bm , ||a|| c ».(^) = ^(1)- 
If a is pulled upfront the base, we have ||a|| C m(^) = G (&~'/ 2 ). 

The proof of the lemma is the same as the one of [F, Lemma 5.1]. The main result of this 
subsection, which is the analogue of AH Theorem 5.2], is 

Proposition 34. For all e > 0, po G M, there exists a ball Bfl at C M, centred at po, such that for 
all sufficiently large k, over P(£ , )| Bflat we have 

\\(J f ,(0' k )-(J,(0 Kn )\\ cm{glk) <£. 

The proof of the proposition is similar to the proof of ||F] Theorem 5.2], and we refer to this 
reference for the details; in fact, the proof in our case is easier since we just have to deal with 
a holomorphically trivial fibration F(E) — » M, so /'|s flat = J\b Bm , whereas [F| considers Kodaira 
fibrations, the fibres of which have non-trivial moduli. 

4.2.2 Analysis in the local model 

This section contains analytic results on the product model (P r_1 x Bfl at ,7', co' k ), needed in the 
sequel. 

The proofs of the following results won't be reproduced, since they can be taken over (al- 
most) verbatim from the book HD3I Chapter 3], or from ||F] Section 5.2]. 
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Lemma 35 (cf. Lemma 5.3 in JF]). For indices m, I and q > p satisfying m — dima(P(£))/ p > 
I — dim^(¥(E)) / q, there is a constant c (depending only on m,l,q and p) such that for all 
0GL^ Ts (P'- 1 xB flat ), 

ll% T ^)<c||<Hlz^). 

For indices p,m satisfying m — dimR(P(2s)) jp > 0, there exists a constant c (depending only on 
p,m), such that for all <p 6 LP j s (P r_1 x Bfl a t)> 

Il0llc§. <4<!>\\L» mV w 

where g' k is the scaled product metric, from Proposition 

123 on W- 1 xfi flat . 

Remark 36. Even though the result above, and also several results below (Lemmas (I37I - I421 ). 
are proven in HD31 [FJ for general Sobolev spaces, restricting to T s -invariant functions in these 
spaces doesn't cause problems and the proofs are the same. 

The product Kahler structure (/', (o[) on P r_1 x fifl at , as defined in Proposition l34l determines 
a "product extremal metric operator" on (T s -invariant) Kahler potentials 

i-> Scal(co' k + idd$)-Q{(o' k + idd <f>,B)—C, (42) 

with the Hamiltonian 

Q((0' k + idd<l>,B), 

which is the analogue of Q((O k . n + idd(j>,B) for the product structure (j',(o' k ); i.e. Q{(0^,B) is 
the Hamiltonian for B with respect to tOpr-i — the metric on the first factor of the product (where 
the vector field B is induced on P r_1 as in Definition [TTb. We denote the linearisation of the 
map <@2j at co' k by L AEMO;CO /(0) : L 2 m+4TS (g' k ) ->■ Ll lTS (g' k ). Using the results from Chapter 3 
of BD31 . or |F1 Section 5.2], gives the following elliptic estimate for ^aemo,o{ (0)- (Indeed, the 
estimates presented in Chapter 3 of HD31 are valid for any elliptic operator determined by the 
local geometry of the underlying manifold.) 

Lemma 37 (cf . Lemma 5.4 in 10). There exists a constant C such that for all £ L^ +4 Js (P r_ 1 x 

Later on when carrying out the patching arguments to transform those results from the prod- 
uct to the total space of P(E) — > M, we will also need 

Lemma 38 (cf. Lemma 5.5 in ||F)). There exists a constant P, such that for all compactly 
supported u € C™ s +4 (fifl at ), and all (j) € L p m+ATS (P r_1 x fifl at ), 

m+4 

II^AEMO^(^) -uL muo>w ^)\\ L P mV ^ k) <P£ 11^11^(4)11^11^^^)- 

7=1 
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4.2.3 Local analysis and patching arguments 

This section will show how to convert results from the product (P r_1 x B^,J' ,co' k ) to uniform 
results over (P(E),J, ft)^,,), and corresponds to E Section 5.3]. Applying Proposition l34l with 
e < 1, we obtain that over P(E)\B Rat , the difference gk — g k is uniformly bounded in the space 
C m {g' k ). This choice of e ensures that the metrics are sufficiently close, so that the difference 
gT*F(E) _ gtT*w(E) Q f me i nc j U ced metrics on the cotangent bundle is also uniformly bounded. 
Hence the Banach space norms on tensors determined by gk and g' k are uniformly equivalent, 

i.e. 

^IMIc»'(») - lkllc m (4) < L lkllc"te), 

for some tensor t and fixed, positive constants l,L. From this we get 

Lemma 39 (cf. Lemma 5.6 in El). For a tensor a € C m (r*P(£)® ! ), ll«llc»fe) = ^(1)- Addi- 
tionally, if a is pulled upfront the base, we have ||c*||c"!(g t ) = ~^ 2 )- 

Proof. The same argument as in the proof of (0 Lemma 5.6] applies, which we shall repeat for 
the reader's convenience. By Lemma 1331 the statement is true for the local product model. Let 
again Bfl at C M be a ball over which Proposition l34lholds with e = 1/2, for example. 

Since the two norms || • ||c m (^.) an d || ■ Hofe') WQ uniformly equivalent over P(E)\b^, the 
result holds in the function space C m (gk) over P(£)|fi aal . Cover M with finitely many such balls 
5flat,i- The result holds in C m (gk) over each P(E)\B RMj and so over all of P(E) by adding. □ 

The next lemma gives us a convergence result in the function spaces Cj^g^jLj^g^) needed 
later in order to apply the implicit function theorem. N.B.: up to now we only established 
pointwise convergence for the formal solution constructed in Section [3] 

Lemma 40 (cf. Lemma 5.7 in APT). We have 

Scal(G> k>n ) - g(tO M ) -C = G{k- n - 2 ) in C^{g k ) as k -> oo, 
Scal((0 Kn ) - Q((0 Kn )-C = ^-"-2+(dimAf)/ 2) in L 2 mJS (g k ) as k^ oo. 

Proof. The proof given here is similar to the proof of |E] Lemma 5.7]; in fact the proof of 
convergence in C™, (gt) is more or less the same as the one given there, adapted for our purposes. 
The proof of L 2 m T , (gk) -convergence is different and brings in dimension considerations. 

Since we established Scal{(Ou,n) — Q{(dk,n) —C = &{k~ n ~ 2 ) pointwise in Theorem [28l we 
shall first deduce that with respect to some fixed metric g, we have 

Scal(co Kn ) - Q((Ok, n ) ~C = G{kr n - 2 ) in Cfr(g) as k -> oo. 

In order to see this, we argue as follows. 

All the calculations done in Section [3] involve absolutely convergent power series and alge- 
braic manipulations of them. 

Concerning the 2(ft) i t „)-term, observe that the right hand side of equation dS) is obtained by 
manipulations such as: expansions of terms in (absolutely convergent) power series, involving 
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negative powers of k; or the power-series-expansion of log (1 +x). I.e. concerning the computa- 
tions done in the proof of Lemma[T8lwe can argue that for /x*(A (0m F v ), log(l +k~ l n*(A a)M F v )) 
is G(k- X ) inCy,(g) since 



|iog(i+fc-V*(A«,^ v ))|U s(g) <£ 



01 1 



= log{\+Ck- l \\ii*(A aM FV)\\ c ,„ Ag) 

with a constant C such that ||p<7||c™ fe) < ^'IIPllc" , s (g)ll c, 'llc^(g)- Since the Hamiltonian function 
Q((Ok M ) from Theorem 1281 constructed in our induction scheme, is an 0(k~ y ) -perturbation of 
the ^*(A fflM F v )-term from equation ©, it follows that it is also G(\C X ) in C™ s (g). 

Hence, for the statement to be true in the Cj s (gj^-norm, a fixed function has to be bounded in 
this norm as k — > oo (the constant C in the last two inequalities does not depend on g). Therefore, 
we can deduce the Cp{gk) -result from Lemma |39l 

In order to establish the Lr mTs -result, we observe that the ^[-volume is k dsmM times a fixed 
volume form. So, over a ball Bfl at C M where Proposition l34lholds with e = 1/2, the g^-volume 
is ff(k dimM ) times a fixed volume form. Hence, with respect to gk, the volume of F(£)|s flat is 
€?(k dimM ). Cover M with finitely many such balls, fifl a u'- Then, the volume vol,t of P(£), with 
respect to g^, satisfies 

vol,<£vol(P(£)k a ,) = ^ dimM ). 



With all that in our hands, the result follows from the Cp -result and the fact that ||0|| L 2 v ( gk ) 



< 



k WVUcgsigt 

Now, we have everything we need in order to transfer the "product results" from Sec- 
tion [4X2] to (F(E),J, fflfc,n)- The next lemma is exactly the same as (H Lemma 5.8], thus we 
shall omit its proof since restricting to the TP-invariant functions in the respective Sobolev spaces 
doesn't change it (cf. Remark [36l>. 



Lemma 41 (cf. Lemma 5.8 in O). For indices m, I and q > p satisfying m — dima(P(£))/ p > 
/ — dwa$_(P(E))/q, there is a constant c (depending only on m,l,q and p, but not on k) such that 
for all € Is T , s (P(£)) and all sufficiently large k, 

\\H L « TS ( gk )<4<i>\\L? mTS ( gk y 



For indices p,m satisfying m — dimR(P(2s)) / p > 0, there exists a constant c (depending only on 
p,m and not on k), such that for all € L p m Ts (P(£)) and all sufficiently large k, 

II<H^)<<#|| l p ,(«)• 



We are now in a position to prove a uniform elliptic estimate for L^ EMO (N.B. (@,R) = 
here). 
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Lemma 42 (cf. Lemma 5.9 in (0). There exists a constant C, depending only on m, such that 
for all <p € t i (^(^')) an d a ^ sufficiently large k, 

where as in Lemma\3J]above, ^aemo m t ™ ^ e linearisation, for (&,R) = 0, o/f/ie "parametrised 
extremal metric operator" on (T s -invariant) Kahler potentials determined by Q>kn- 

Proof. Even though the elliptic operators under consideration are different, the proof is similar 
to the one of (H Lemma 5.9]. 

Following the strategy of proof of E Lemma 5.9], one makes two observations: 

• Applying Lemma [25] to the parts of Z^emq mtn ,L AEMO a i k corresponding to the linearisa- 
tions of Q((Ok^ n + idd<p,B), Q(co' k + id d ,B) shows that — since both Hamiltonians are 
formed with respect to the same vector field B and varied by the same invariant Kahler 
potential — the difference of their variations (linearisations) is zero by using the first equal- 
ity in equation (1251) (recall that J'\B m = ^|s flat , so we don't have to worry about J in the 
first equality of equation (T25T)). 

• For the parts of L^ MO ,^aemo,»/ corresponding to the linearisations of the scalar cur- 
vature maps Scal((Ok, n + idd(j>), Scal(co' k + idd<p) on invariant Kahler potentials 0, one 
can argue exactly as in the proof of E Lemma 5.9]. 

These two observations enable us to replace ^aemo.co^ with ^aemo a k m Lemma [37l just as in 
the case treated in [F, Lemma 5.9], and hence we conclude. □ 

4.3 Global Analysis 

In this section we will derive the global estimates, in order to find a lower bound for the first non- 
zero eigenvalue of the operator ^^^q a . Following [F, Section 6] we will construct a global 
model, which has the crucial property of being a Riemannian submersion for F(E) — > (M,1c(Om)- 

The current section is similar in nature to IF] Section 6], and many of the results presented 
here are a variation of Fine's results. In particular, the construction of the global model used 
below is due to Fine — our analysis is slightly different however, since we work with an operator 
involving parameters and have to deal with a non-trivial co-kernel. 

In fact, the parameters &,R will play a crucial role to obtain the results below. As main result 
of this section, we are going to prove: 

Theorem 43. For all large k and suitable n, the operator £ A g M0 mkn '■ Lf n+4 Js x W + — > L m T , 
is a Banach space epimorphism. There exist a constant C and parameters (&,R) € W +1 , such 
that for all large k and all functions (j) G Lf n Js , the right-inverse operator satisfies the 

estimate 

II^V^(^)llL W ( a )<^ 3 ||0|| L , >TjW . (43) 

Proving such an estimate is a genuine global issue. Therefore we are now going to describe 
the global model, first constructed in [F Section 6.1]. 
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4.3.1 The global model 



We define a Riemannian metric hk on F{E) by using the fibrewise metrics determined by the 
purely vertical part of iF yL (for the definition of iF yL , see Proposition [9]>, i.e. (Ops, and adding 
the metric ka>M (in horizontal directions). In this setup, (F(E),hk) — > {M^Ucom) is a Riemannian 
submersion. 

With this construction, g£,0 = hk + a, for some purely horizontal tensor a G s 2 (T*F(E)), 
independent of k (it is given by the horizontal components of iF yL ). Horizontal 1 -forms scale 
by k~ l l 2 in the metric hk, so we have for k sufficiently large 

\\gk,o-h k \\co(h k ) < 2" ( 44 ) 

Also since \\gk — gkfl\\c°(h t ) = ), the inequality (l44l holds with g^o replaced by From 

all this one infers that the difference in the induced metrics on T*F(E) is uniformly bounded 
and hence the L 2 -norms on tensors determined by hk and gk are uniformly equivalent (this will 
be crucial in the sequel). 

Lemma 44 (cf. Lemma 6.2 in (0). Let T — > F(E) be any bundle of tensors. Then there exist 
positive constants s,S, such that V? £ T(T) and sufficiently large k we have the equivalence of 
norms 

A^Wmht) - ll z ll^ 2 (») ^Iklli 2 ^)- 

4.3.2 Controlling the lowest eigenvalue of the parametrised Lichnerowicz operator 

As shown in Lemma[3ll we have Laemo,^.,, (0) = - Q((D k , n ,B®) -R+ ^(k-"- 2 ); with 

T> = dV, where d is the 5-operator on the holomorphic tangent bundle of F(E), V the gradient, 
and D* is the L 2 -adjoint of D. depends on the metric corresponding to (Ok ,„ and hence also 
on k. Since it is notationally more convenient, we shall just write V for V gk , d for d gk and D for 

The bound for the lowest non-zero eigenvalue of the "parametrised Lichnerowicz operator" 
T>*T) (<p) — Q((Ok, n ,B@) —R will be found by linking together two eigenvalue estimates: the first 
being the one for the ordinary Hodge Laplacian (Lemma @5), and the second being the one for 
the d -Laplacian acting on sections of the holomorphic tangent bundle (Lemma l46l). 

Lemma 45 (cf. Lemma 6.5 in (0). There exists a constant C\ > such that for all functions 
with gk-mean value zero and all sufficiently large k, 

lldHl^^Cyk-'Ml^y (45) 

Proof. The proof of this Lemma is, up to dimension considerations, the same as the proof of (FJ 
Lemma 6.5]; however, for the reader's convenience we will provide the details. One can find 
a constant w such that — w has /ji-mean value zero. Since dip = d(<p — w), using Lemma 1441 
gives ||d0||z,2( gjfc ) > const||d(0 — w)\\ L 2^ hk y Let | • \f, k denote the norm induced by the pointwise 
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inner product denned by \. By definition of we have \d($ — w)\^ > k l \d((j) — ; and 
since the volume form satisfies dvolfik) > k AimM d\o\{h\) we get 

\m - ™)f LH H k) > * (dimMM \m -™)\\l Hhl y 

Let Hi be the first (non-zero) eigenvalue of the /zi-Laplacian. Using that (j) — w has mean value 
zero with respect to h\ gives 

\m - > Mill* - H 2 L 2 {hl) > Mi^ dimM H0 - M\l Hhk y 

A further application of Lemma l44lrenders 

H-M\ 2 L 2 ihk ) >const\\(j)-w\\ 2 L2{gk) >const||0||£ 2fe) , 

whereas the second inequality follows from the assumption that (j) has g^-mean value zero. 
Putting the inequalities together completes the proof. □ 

Lemma 46 (cf. Lemma 6.6 in (0). There exists a positive constant C 2 such that for all £ = V/, 
with £ _L ker d, and sufficiently large k we have 

\m Hgk) >C 2 k^Q\l Hgky (46) 

Proof. The proof is the same as the proof of |0 Lemma 6.6], modified for our purposes as the 
proof of Lemma 1431 above. In fact, up to dimension considerations, the proof is the same as in 
Fine's case since we assume £ _L ker d. □ 

Linking the two estimates just proved gives us an estimate for ID. 

Lemma 47 (cf. Lemma 6.7 in (0). There exists a constant C such that for all _L ker ID and 
sufficiently large k, 

\m\l Hgk) >ck-^n 2 L2{gk) . (47) 

Proof. The same proof as in (0 Lemma 6.7] works here as well: Combining Lemmas 1431 and 
06] shows that when (j) _L ker ID, 

\\dvnh {gk) >c 2 k- 2 \\V(t>\\l 2{gk) =c 2 k- 2 \\dHl 2[gk) yc^k-'uwl^. 

□ 

From this Lemma, it follows that for </> _L ker D * ID, 

WT>nLH gk )>Ck-'U\\LH gk y (48) 

Remark 48. The elements / € ker ID* ID = coker!D*lD can be identified with the (real holomor- 
phic) Hamiltonian Killing vector fields on the underlying (compact) Kahler manifold via the 
Hamiltonian construction, cf. Remark [23] In our situation all Hamiltonian Killing vector fields 
on ¥(E) are induced by the bundle endomorphisms W^, , . . . ,Ids s as in Definition [TTJ since the 
bundle E splits as a direct sum of stable subbundles all having different slope and the base 
admits no holomorphic automorphisms. Therefore, the parameters (&,R) € W + can be cho- 
sen such that the projection P TO ikerTi*'D °f an y to kerlD*lD = cokerlD* ID can be written as 

P r °jkerZ)*Z) = -Q(«>k,n,B®) -R. 
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Thus, the estimate (1481 can be extended, for suitably chosen (&,R) € W +l , to all (p as 

- G(tO fe;n)J B ) -R\\ L 2 (gk) > Ck- 3 U\\ L 2 {gk) . 
We formulate this observation as a Lemma. 

Lemma 49. There exist a constant C and parameters (&,R) £ M v+1 smc/z that for all a?i<i 
sufficiently large k, 

\\^*^-Q(0) k , n ,Be)-M L 2 {gk) >Ck- 3 U\\ L 2 {gk) . (49) 

Remark 50. Lemmas I451 - I491 were proved for functions (f) not necessarily invariant under the 
TP-action induced by Id,E l ,IcIe s on P(2s). However, restricting to TP-invariant functions does 
not affect the proofs and the results are valid for such functions as well (cf. also Remark [36b- 

4.3.3 Controlling the (right-)inverse 

Lemma 51 (cf. Lemma 6.8 in (0). There is a constant C, depending only on m, and parameters 
(®,R) € such that for all € T s an d sufficiently large k, 

Proof. The proof is very similar to the one in [F. Lemma 6.8]. Using Lemma I3T1 with (&,R) = 
(0,0), we have 

LZ«o,a> k ,M) = V*m + 0(k- n - 2 )- 
Since by equation (f3~8T > and Lemma 1401 the <??(&~"~ 2 )-terms tend to zero in the C™, (g^)-norm, 
^AEMOffl t ~~ 25*2) converges to zero in the operator norm induced by the L 2 m TJ (g,t)-Sobolev 
norm. Hence the estimate follows for (&,R) = (0,0) from Lemma l42l Choosing the parameters 
(0,7?) as in Remark l48l we obtain the desired estimate. □ 

Now, everything is in place to prove 

Theorem 52. The operator £>*£) — Q((Ok, n ,B@) — R : ^ +4T , xl s+1 — tL^^, is a Banach space 
epimorphism. There exist a constant S, depending only on m, and parameters (&,R), such that 
for all large k and all p € L 2 T „ the right-inverse operator W^ R satisfies 

Proof. Since Q*Q is a fourth-order, linear-elliptic and self-adjoint differential operator, the 
right-inverse W®:f of 53*2) — Q((Ok M ,B@) —R exists since we can vary the parameters (®,R) £ 
W +l such that we can deal with the (co-)kernel of D*T) (see Remark |48T ). It follows from 
Lemma l49l applied to = W^ R p, with the parameters (®,R) chosen such that they kill the 
projection of p to coker£>* D, that there is a constant C such that for all p G L 2 T , we get 

3 i i 

II^pIL^) <ca ||p|| L 2 !te) . 

By applying Lemma [511 to = W (0k \ i p, we obtain the required bound. □ 
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The following standard lemma, the proof of which shall be omitted, essentially states the 
openness of (right) invertibility in the Banach space of bounded linear operators endowed with 
a suitable operator norm. 

Lemma 53. Let L,D : B\ — >• B2 be linear maps between Banach spaces. If D is a bounded 
right-invertible linear map with bounded right-inverse W, such that 

\\L-D\\ < (2\\W\\)~\ 

then L is also right-invertible and has a bounded right-inverse I satisfying \\I\\ < 2||W||. 

Now we have all the ingredients for completing the proof of Theorem 1431 

Proof of Theorem \43\ By Lemma [3~T1 

Co A ,„(^ = 3>*W) " Q(G>k,n,Be)-R+ 0(k-"- 2 ), 

so by Lemma l40l there exists a constant c such that in the operator norm determined by the g k - 
Sobolev norms, we have ||L® E s MO ffl ^ - (3TID - Q((O k , n ,B @ ) -R)\\< c k- n - 2+{AimM ^ 2 . There- 
fore, if n and k are sufficiently large: 

\\L^MO,a*, n -(®*®-Q(<»hn,B & )-m < (2||<f||)- 1 . 

Now, Lemma [53] shows that L A ^ MO is right-invertible and provides us with a bound for its 
right-inverse 



lSo,,,..ll<2||<?||<0: 3 , 



for some constant C. □ 
4.4 Estimating the non-linear terms 

What remains in our discussion of the analysis is the issue of estimating the non-linear terms of 
the "parametrised extremal metric operator" 

AEMO '*^) := Scal{(O kin + id dtp) - Q(co k , n + idd$,B) - Q((Ok, n ,B@) — C — R, 

defined in (I37T ). This can be done in our case in a similar way as in [F , Lemma 7.1]. 
The operator corresponding to the non-linear terms of AEMO S shall be denoted by 

JVf*(f) := AEMO «(</>) -L @ J MO ,^„(0), 

where the two operators on the right hand side are evaluated on the same TP-invariant Kahler 
potential (j). 

Proposition 54. Let m > dimc¥(E). There exist positive constants c,K such that for all 0, 1// 6 
(g k ) with \\(j)\\ L 2 , ) , 1 1 \ L i {) <candk sufficiently large, 

\\Nf R W -Nf R ( ¥ )\\ Lljs{gk) < ^max{||0|| i(UTjfe) , W\\^ 4js{gk) } U ~ W\\ L l^ {gk y (50) 
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Proof. The proof is similar to the one given in []F] Lemma 7.1]. Using the mean value theorem 
gives 

||A?fy) -N?* m < sop ||(^),||||0-^||^ 4Tlfe) , 

with || (DN® ,R )$ || being the operator norm of the derivative of N?' R at r>; and 

# € [0, v] := {# G ^m+4,T' such mat # = 0)> for some f e [°> !]}■ 

So DNf ,R = L &R — L?™,,-, „ ; where L 0vR ^ is the linearisation of the 

k AEMO,G>*.„+rddt? AEMO.to^. „ AEMO.co^+iddt? 

"parametrised extremal metric operator", defined in (1371 . at ft)^„ + idd&. We apply 

• E Lemma 2.100 to the parts of ^®jf MO ^ , l aemo j(B ,,„ corresponding to the lin- 
earisations of the scalar curvature maps Scal(a>k,n + idd-& + iddv), Scal(a>k, n + iddv) on 
invariant Kahler potentials v, 

• Lemma [25\ to the parts of L ' , _ corresponding to the linearisations 

of Q((Ok,n + idd$ + iddv,B), Q(c0k^ n + iddv,B) — since both Hamiltonians are formed 
with respect to the same vector field B and varied by the same invariant Kahler poten- 
tial, the difference of their variations (linearisations) is zero by using the first equality in 
equation (|25T >. 

• Lemma|25]to the Q{(0^„ + idd$,B @ ) - Q((O kA ,B @ )-part of DA/f •* = ^ UO (0kn+SM ~ 

~R 

L A g MO (N.B. this parameter-dependent part of the operator is linear in the parameter 
0, and not linearised with respect to the invariant Kahler potential). We can estimate using 
the first equality in equation (|25T >. 

\\Q(G) k , n + idd#,B @ ) - Q(co k , m B & )\\ L 2 < C\\d$(JB Q )\\ L 2 

<c\\jb & \\ L 2 my v <cw\ I? , (5i) 

where C,C',C" are constants. In the third inequality of (ISH we used the following inequal- 
ity on tensors, derived from the Leibniz rule and further explained in |F1 Section 2.2.2]. 
For tensors T, T € L p m , we have 

Wt+t'Wh <c||r|U||r'|U, (52) 

ii • i i^/n ii ii t^m ii ii i~>m ' v * 

where "*" stands for any algebraic operation consisting of tensor products and contrac- 
tions. Here, the constant C depends only on m, and not on the metric determining the 
norm; this follows from the uniform bound on the constants in the g^-Sobolev inequalities 
(see E Section 2.2.2] for details). 



'Since by our assumption m > dimcP(£), the condition on the indices in (F) Lemma 2.10] is fulfilled ( IF1 
Lemma 2.10] holds for T'-invariant functions, as well). This lemma also requires the constants in the g^-Sobolev 
inequalities to be uniformly bounded — which was proven in LemmaRTl Moreover, it is required in order to apply [F. 
Lemma 2.10], that the C"'(gt)-norm of the curvature of Cty „ is bounded above — which follows from Proposition 134 1 
and |F Lemma 2.7]. 
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Putting the three points above together gives us the estimate 



II I0,S T®M II / 4.11 Q II 

\\L — L A £w n _ < const # ,2 /„-,. 
Since for all y], 

||i?|| L a <max{||0|| La JML* }, 

m+4,T A ^ »j+4.T J m+4,T A J 

the result follows. □ 



4.5 Applying the implicit function theorem 

In this section we will complete the proof of our main result, Theorem |3j by using the parameter- 
dependent Implicit Function Theorem (Theorem l29l>. 

Proof of Theorem\3\ For all k 3> and sufficiently large n, the "parametrised extremal metric 
operator" 

AEMO * : L 2 n+4JS x R s+1 -)• L 2 mJS 

satisfies 

• AEMO°<°(0) = ^(£-"- 2 +( dimM )/ 2 ) in L 2 mJS (g k ), by Lemma|40] 

• Its linearisation at (ty „, L^ MO : L 2 m+A T , x W +1 — > L 2 m Js , is a Banach space epimor- 
phism with right-inverse /®emo m k < which i s <^(& 3 ) in operator norm by Theorem 143, 

7? 

• There exists a constant K such that for all sufficiently small V, the non-linear piece N, ' 
of AEMO 0/? is Lipschitz with constant V on a ball about of radius KV. This follows 
from Proposition [54] 

• There is only one TP-action on F(E), generated by Ue x , • • • , Ue, € End(£). This allows us 
to deal with the non-trivial co-kernel of ID* 5) by varying the parameters (&,R) € R* +1 , see 
Remark 1481 In the end, there is only one choice for the parameters (&,R), since C + R in 
equation (1361 ) is a topological constant (the average scalar curvature), and the parameters 
are determined by the Futaki invariant which by Definition [7] is dual — with respect to 
the Futaki-Mabuchi inner product — to the extremal vector field. 

By the Implicit Function Theorem (Theorem [29), the second and third points above imply that 
the radius 8' k of the ball about the origin on which A^' R is Lipschitz with constant (2 1 /®emo a k II) 1 ' 
is bounded below by Ck~ 3 for some constant C > 0. Since 8k = ^(2||/®g^ 10 „ it follows 

that 8k is bounded by Ck~ 6 for some constant C > 0. 

Looking at Theorem 1291 we see that for p G L 2 n Js with || AEMO°'°(0) - p\\ L i v{gk) < Ck~ 6 , 

the equation AEMO 0,S (0) = p has a solution. The first of the above properties implies then, 
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that for sufficiently large n and k S> 0, the equation AEMO = has a solution (0,0,/?) 

with <p G £„ +4 T s fe)> where the parameters and S are determined as in the fourth point above. 

Provided m is big enough such that Lf n+4 Js C^, applying the regularity Lemmal55lfrom 
below iteratively shows that (p is smooth. 

□ 

In order to carry out our arguments above, we still need to establish a regularity result about 
extremal Kahler metrics. This will ensure that the TP-invariant Kahler potential <p, found in 
Section 1431 is smooth. 

As already mentioned in equation a Kahler metric g on a (compact) Kahler manifold 
(M,J,g,co) is extremal if the gradient of its scalar curvature V g Scal(g) preserves the complex 
structure J, i.e. it is the real part of a holomorphic section of T i,0 M. So, instead of using 
equation (0]), another condition for a Kahler metric to be extremal is 

■%V g Scal(g)J = 0, (53) 

where Jz? denotes the Lie-derivative. 

The extremal Kahler metric we constructed in Theorem [3] therefore satisfies Equation (1531 . 
and we will use this equation to prove the following regularity result (similar results were already 
proven in ||F] Lemma 2.3] and HLS1I Proposition 4]). 

Lemma 55. If the Kahler metric gq corresponding to (0$ = (0 + idd(f>, on a compact Kahler 
manifold, is extremal with <p G C m,a , m>2, then <p G c m+i ' a . 

Proof. We follow the proof of E Lemma 2.3]. For an extremal Kahler metric g, the gradient 
of the scalar curvature V g Scal(g) is the real part of a holomorphic vector field, hence it is real- 
analytic. It therefore follows that the metric dual of V gif: Scal(g<fi), i.e. dScal{g§) is of class 
(jn-i,a ^ as t ^ e meu -j c corresponding to ftty is of class C m ~ 2,a ); so Scal{g§) is therefore of 
class C m -^ a . 

Now, Scal(g<p) = Ag^U, where A. gij) is the g^-Laplacian and 

U = - log det(g + <&), 

where <I> is the real symmetric tensor corresponding to the (l,l)-form idd(p, and g is the Kahler 
metric corresponding to ft). 

Since 6 C m,a , A g is a linear second order elliptic operator with coefficients in c m ~ 2,a . By 
standard elliptic regularity results (cf. HAubl Theorem 3.59]) and since Scal{g^,) € c m ~ i,a , we 
get U G C m ' a . 

The map <p i-> — logdet(g + <!>) is non-linear, but also second order and elliptic. Therefore, 
it also satisfies an elliptic regularity result (cf. HAubl Theorem 3.56]), hence £ c m+2,a . 

Therefore, has C m ' a -coefficients; hence U G C m+l a and G c m+3 ' a . □ 
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